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Institut de Mathématiques de Toulouse (UMR 5219)
Directeur(s) de Th

`

ese :

Carlos CONCA et Fabien CAUBET
Rapporteurs :
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' 2 H1(⌦) ug
N

 2 H1(⌦)

8

<

:

��ug
D

' = 0 ⌦
ug

D

' = gD �obs

@nug
D

' = ' �i,

8

<

:

��ug
N

 = 0 ⌦

@nu
g
N

 = gN �obs

ug
N

 =  �i,

v' := u0
' v := u0

 

K"

K"

'  

(', ), (e', e ) 2 H�1/2(�i)⇥H1/2(�i)
K"(', )

@K"

@'
(', ) [e'] =

Z

�i

e' · (u' + "v' + wD �  )

@K"

@ 
(', )

h

e 
i

= h(@⌫u + "@⌫v + @⌫wN � '), e i�i

wN , wD 2 H1(⌦)
8

<

:

��wN = �"v ⌦
@⌫wN = @⌫u' � gN �obs

wN = 0 �i

8

<

:

��wD = "v' ⌦
wD = u � gD �obs

@⌫wD = 0 �i.



K"

⇣

e', e 
⌘

2 H�1/2(�i)⇥ H1/2(�i)

e' =  � u'|�i � "v'|�i � wD|�i ,

e = �vW |�i ,

W = '� @⌫u |�i � "@⌫v |�i � @⌫wN |�i 2 H�1/2(�i)

v', v 2 H1(⌦)

8

<

:

��v' = 0 ⌦
v' = 0 �obs

@nv' = ' �i

8

<

:

��v = 0 ⌦
@nv = 0 �obs

v =  �i.

(', ), (e', e ) 2 H�1/2(�i)⇥ H1/2(�i)

@K"

@'
(', ) [e'] =

Z

⌦

rve' · (ru' + "rv' �ru ) + "

Z

⌦

ve' v'

@K"

@ 
(', )

h

e 
i

=

Z

⌦

rv e · (ru + "rv �ru') + "

Z

⌦

v e v ,

ve', v e 2 H1(⌦)

8

>

<

>

:

��v e = 0 ⌦

@⌫v e = 0 �obs

v e = e �i

8

<

:

��ve' = 0 ⌦
ve' = 0 �obs

@⌫ve' = e' �i.

Z

�i

e @⌫wN = "

Z

⌦

v v e +

Z

�
obs

v e (gN � @⌫u')

Z

�i

e'wD = "

Z

⌦

v've' +

Z

�
obs

@⌫ve' (gD � u ).

@K"

@'
(', ) [e'] =

Z

@⌦

@⌫ve' (u' + "v'� u ) + "

Z

⌦

ve' v' =

Z

�i

e' (u' + "v'� u +wD).



e'

H1/2(�i)
e W

@K"

@ 
[ e ] = hW, e i,

vW 8u 2 H1(⌦), u|�
obs

= 0
Z

⌦

rvW ·ru = hW,ui,

u = �vW

�
Z

⌦

|rvW |2 = hW,�vW i < 0,

P1

⌦ = [�0.5, 0.5]⇥[�0.5, 0.5]
�obs = ([�0.5, 0.5]⇥{�0.5})[ ({�0.5}⇥ [�0.5, 0.5])[ ({0.5}⇥ [�0.5, 0.5])

�i = [�0.5, 0.5]⇥ {0.5} (gN , gD)

(', ) �i

p1, p2 �i\�obs = {p1, p2}
�i  

u(p1) · u(p2) 6= 0  
 (p1) = u(p1)  (p2) = u(p2)  ((p1 + p2)/2) = 0

u(p1) · u(p2) = 0  
u(p1) u(p2)

�obs �i

('0, 0) = (0, 0)



(', ) ('⇤
", 

⇤
")

k = 0 kmax tol
('0, 0)

('k, k) u'
k

, u 
k

K('k, k)

• K('k, k) < tol

•
('k, k) v'

k

v 
k

wN('k, k) wD('k, k)

e' e ('k, k)

'k  ('k � ↵1e')  k  
⇣

 k � ↵2
e 
⌘

k  kmax K"('k, k)�K"('k�1, k�1) < tol
k  k + 1

↵1,↵2

�i

�obs �obs\�i = ;
�obs\�i 6= ;

u(x, y) = y3 � 3x2y.

�obs\�i = ;
⌦ [�0.5, 0.5]2

r = 0.25 ⌦ = [�0.5, 0.5]2\D((0, 0), 0.25)
�obs = @ ([�0.5, 0.5]2) �i = @D((0, 0), 0.25)



⇡ ⇡
2

�obs \ �i 66= ; �obs \ �i = ;

�obs \ �i 6= ;

�obs \ �i 6= ; k = 0 " = 0.1 " = 0.01 " = 0.001

L2(⌦)
uD

uN

L2(�i)
uD

uN

�obs \ �i = ; k = 0 " = 0.1 " = 0.01 " = 0.001

L2(⌦)
uD

uN

L2(�i)
uD

uN



�obs \ �i = ;

g O ⇢ @⌦ g g�

g� := g + �
kgkL2(O)

kukL2(O)

u,

u [�0.5, 0.5)
� > 0 g

� L2(O)
�obs (g�N , g

�
D) � = 0.05

5%

�obs\�i 66= ;
�obs \�i = ;

�obs \ �i 6= ; k = 0 " = 0.1 " = 0.01 " = 0.001

L2(⌦)
uD

uN

L2(�i)
uD

uN



�obs \ �i 6= ;

�obs \ �i = ;

�obs \ �i = ; k = 0 " = 0.1 " = 0.01 " = 0.001

L2(⌦)
uD

uN

L2(�i)
uD

uN

�i



"
10�2 10�3



�obs ⇢ @⌦



⌦ Rd d = 2
d = 3 @⌦

�obs �i �obs[�i = @⌦ �obs

@⌦
(gN , gD) 2 H�1/2(�obs) ⇥ H1/2(�obs) �i

@⌦

!⇤

⌦ (gN , gD) �obs

!⇤

�i

�obs

!

⌦\!

⌦

D :=
�

! ⇢⇢ ⌦ : ! @! W2,1,

d(x, @⌦) > d0 x 2 !, ⌦\! } ,

d0

(gN , gD) 2 H�1/2(�obs)⇥ H1/2(�obs)

!⇤ 2 D u 2 H1 (⌦\!⇤) \ C0
⇣

⌦\!⇤
⌘

8

>

>

<

>

>

:

��u = 0 ⌦\!⇤

u = gD �obs

@nu = gN �obs

u = 0 !⇤.



�i

@⌦

�i

! u
(gN , gD) 6= (0, 0)

!⇤

u
�i

!⇤

⌦

(gN , gD) �obs @⌦

!⇤

(!⇤,'⇤, ⇤) 2 argmin
(!,', )2D⇥H�1/2(�i)⇥H1/2(�i)

K(!,', )

K

K(!,', ) =
1

2

Z

⌦\!
|ru'(!)�ru (!)|2

u'(!) := ug
D

' (!) 2 H1(⌦\!) u (!) := ug
N

 (!) 2 H1(⌦\!)

8

>

>

<

>

>

:

��u'(!) = 0 ⌦\!
u'(!) = gD �obs

@nu'(!) = ' �i

u'(!) = 0 @!

8

>

>

<

>

>

:

��u (!) = 0 ⌦\!
@nu (!) = gN �obs

u (!) =  �i

u (!) = 0 @!.

!



K(!,', ) = 0 (!,', ) =
(!⇤,'⇤, ⇤) ug

D

'⇤ = ug
N

 ⇤ = u u
⌦\!⇤

v' := u0
' v := u0

 !

8

>

>

<

>

>

:

��v' = 0 ⌦\!
v' = 0 �obs

@nv' = ' �i

v' = 0 @!

8

>

>

<

>

>

:

��v = 0 ⌦\!
@nv = 0 �obs

v =  �i

v = 0 @!.

K

(!⇤,'⇤, ⇤) 2 argmin
(!,', )2D⇥H�1/2(�i)⇥H1/2(�i)

K"(!,', )

K"

K"(!,', ) := K(!,', ) +
"

2
k(v', v )k2H1(⌦\!)

=
1

2

Z

⌦\!
|ru' �ru |2 + "

2
k(v', v )k2H1(⌦\!)

u' 2 H1(⌦\!) u 2 H1(⌦\!)
v' 2 H1(⌦\!) v 2 H1(⌦\!)

K"

'  

lim
"!0
ku'⇤

"

� uexkH1(⌦) = 0,

@!

lim
"!0
ku ⇤

"

� uexkH1(⌦) = 0.



D
⌦d0 C1

{x 2 ⌦ ; d(x, @⌦) > d0/2} ⇢ ⌦d0 ⇢ {x 2 ⌦ ; d(x, @⌦) > d0/3} .

U :=
�

V 2W2,1(Rd); V ⇢ ⌦d0

 

.

K"

DK"(!) · V := lim
t!0

K" ((I+ tV )(!))�K"(!)

t
.

'
 K" K"(!) K"(!,', )

! 2 D

V 2 U
K" !

V

DK"(⌦\!) · V = �
Z

@!

(@n⇢
u
N · @nu' + @n⇢

v
N · @nv')(V · n) + 1

2

Z

@!

|rw|2 (V · n)

�
Z

@!

(@n⇢
u
D · @nu + @n⇢

v
D · @nv )(V · n)

+
"

2

Z

@!

(|rv'|2 + |rv |2 + |v'|2 + |v |2)(V · n),

w := u'�u ⇢uD, ⇢
u
N , ⇢

v
D, ⇢

v
N 2 H1(⌦\!)

8

>

>

<

>

>

:

��⇢uN = 0 ⌦\!
⇢uN = gD � u �obs

@n⇢uN = 0 �i

⇢uN = 0 @!,

8

>

>

<

>

>

:

��⇢vN = �"v' ⌦\!
⇢vN = 0 �obs

@n⇢vN = 0 �i

⇢vN = 0 @!

8

>

>

<

>

>

:

��⇢uD = 0 ⌦\!
@n⇢uD = 0 �obs

⇢uD =  � u' �i

⇢uD = 0 @!,

8

>

>

<

>

>

:

��⇢vD = �"v ⌦\!
@n⇢vD = 0 �obs

⇢vD = " �i

⇢vD = 0 @!.



u0
', v

0
', u

0
 v0 2

H1(⌦\!)

8

>

>

<

>

>

:

��u0
' = 0 ⌦\!

u0
' = 0 �obs

@nu0
' = 0 �i

u0
' = �@nu'(V · n) @!,

8

>

>

<

>

>

:

��v0' = 0 ⌦\!
v0' = 0 �obs

@nv0' = 0 �i

v0' = �@nv'(V · n) @!

8

>

>

<

>

>

:

��u0
 = 0 ⌦\!

@nu0
 = 0 �obs

u0
 = 0 �i

u0
 = �@nu (V · n) @!,

8

>

>

<

>

>

:

��v0 = 0 ⌦\!
@nv0 = 0 �obs

v0 = 0 �i

v0 = �@nv (V · n) @!.

w := u'� u w0 := u0
'� u0

 

DK"(⌦\!) · V =

Z

⌦\!
rw0 ·rw +

1

2

Z

@!

|rw|2 (V · n)

+ "

Z

⌦\!

�rv0' ·rv' +rv0 ·rv + v0' v' + v0 v 
�

+
"

2

Z

@!

�|rv'|2 + |rv |2 + |v'|2 + |v |2
�

(V · n).

Z

⌦\!
rw ·ru0

' + "

Z

⌦\!

�rv0' ·rv' + v0' · v'
�

= �
Z

@!

@n⇢
u
N · @nu'(V · n)

�
Z

@!

@n⇢
v
N · @nv'(V · n)

�
Z

⌦\!
rw ·ru0

 + "

Z

⌦\!

�rv0 ·rv + v0 · v 
�

= �
Z

@!

@n⇢
u
D · @nu (V · n)

�
Z

@!

@n⇢
v
D · @nv (V · n),



!

P1
⌦

�obs �i !⇤

!0

!⇤ !⇤

⌦\!⇤ gD gD(x, y) = y3 � 3x2y @⌦
@!

P2
gN @nu �obs

@!

@! =

⇢✓

x0

y0

◆

+ r(✓)

✓

cos ✓
sin ✓

◆

, ✓ 2 [0, 2⇡)

�

,

x0, y0 2 R r C1,1 2⇡

r

rN(✓) := aN0 +
N
X

k=1

aNk cos(k✓) + bNk sin(k✓),

cos(k✓) sin(k✓) k >> 1

(ai, bi) k = 1, . . . , N

V 1 := V x0 :=

✓

1
0

◆

, V 2 := V y0 :=

✓

0
1

◆

, V 3(✓) := V a0(✓) :=

✓

cos ✓
sin ✓

◆

,

V 2k+2(✓) :=V a
k

(✓) :=cos(k✓)

✓

cos ✓
sin ✓

◆

, V 2k+3(✓) :=V b
k

(✓) :=sin(k✓)

✓

cos ✓
sin ✓

◆

,



✓ 2 [0, 2⇡)

⇣

rK"(⌦\!)
⌘

k
= DK"(⌦\!) · V k, k = 1, . . . , 2N + 3.

!

!

k = 0 kmax tol
('0, 0)

!0

(!k,'k, k)
uk
D(!k,'k, k) := u'

k

, uk
N(!k,'k, k) := u 

k

, vkD(!k,'k, k) := v'
k

,
vkN(!k,'k, k) := v 

k

K(!k,'k, k)

• K(!k,'k, k) < tol

•
⌦ \ !k

@! (!k,'k, k)
wN(!k,'k, k), wD(!k,'k, k), ⇢uD(!k,'k, k), ⇢uN(!k,'k, k), ⇢vD(!k,'k, k)

⇢vN(!k,'k, k)

e' e ('k, k)

rK"(⌦ \ !k)

'k  ('k � ↵1e')  k  
⇣

 k � ↵2
e 
⌘

!k  !k � ↵3rK"(⌦ \ !k)

k  kmax K"('k, k)�K"('k�1, k�1) < tol
k  k + 1

↵1,↵2,↵3



!k(1 : m) !k(1 : m)� ↵irK"(⌦ \ !k)(1 : m),

!k(1 : m) m !k

rK"(⌦ \ !k)(1 : m) m

⌦ �obs �i

r = 0.25
!⇤ = D((0, 0), 0.25) !0

(�0.1, 0.1) r = 0.20 !0 = D((�0.1, 0.1), 0.20)

@!

" = 0.1 " = 0.01 " = 0.001

L2(�i)
uD

uN

" = 0.1 " = 0.01 " = 0.001

L2(�i)
uD

uN

C =
(0.0,�0.1) d = 0.4

!0

(0.0, 0.0) r = 0.2 !0 = D((0.0, 0.0), 0.2)



uD, uN

" = 0.1 " = 0.01 " = 0.001

L2(�i)
uD

uN



uD, uN

" = 0.1 " = 0.01 " = 0.001

L2(�i)
uD

uN

�i L2(�i)

L2(⌦\!⇤



uD, uN



uD, uN











⌦ R2

⌫ > 0 ! ⇢ R2

! ⇢ B(0, 1) z 2 ⌦
0 < " << 1

!z," := z + "!.

⌦
m⇤ !z⇤

j

,"⇤
j

⇢ ⌦, j 2 {1, . . . ,m⇤}
!z⇤i ,"

⇤
i
\!z⇤

j

,"⇤
j

= ;
1  i, j  m⇤ i 6= j

!z⇤
k

,"⇤
k

= z⇤k + "⇤k!, 1  k  m⇤,

"⇤k z⇤k 2 ⌦ 1  k  m⇤

1  k  m⇤ !⇤
z
k

,"
k

@⌦

f 2 H1/2(@⌦) f 6= 0
Z

@⌦

f · n = 0.

g 2
H�1/2(O) O @⌦ O ⇢ @⌦, O 6= @⌦

!⇤
" :=

m⇤
[

k=1

!z⇤
k

,"⇤
k

,

8

>

>

>

>

<

>

>

>

>

:

�⌫�u+rp = 0 ⌦\!⇤
"

divu = 0 ⌦\!⇤
"

u = f @⌦
u = 0 @!⇤

"

�(u, p)n = g O ⇢ @⌦.



u p �(u, p)

�(u, p) := ⌫
�ru+ tru�� pI.

divu = 0 ⌦

�⌫�u+rp = �div (⌫D(u)) +rp = �div (�(u, p)) ⌦,

D(u) :=
�ru+ tru�

!⇤
" ⇢⇢ ⌦ (u, p)

8

>

>

>

>

<

>

>

>

>

:

(u"D, p
"
D) 2 H1(⌦\!")⇥ L2

0(⌦\!")
�⌫�u"D +rp"D = 0 ⌦\!"

divu"D = 0 ⌦\!"
u"D = f @⌦
u"D = 0 @!"

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

(u"M , p"M) 2 H1(⌦\!")⇥ L2(⌦\!")
�⌫�u"M +rp"M = 0 ⌦\!"

divu"M = 0 ⌦\!"
�(u"M , p"M)n = g O

u"M = f @⌦\O
u"M = 0 @!",

!" :=
Sm

k=1 !z
k

,"
k

m z1, . . . , zm

(u"D, p
"
D)

(u"M , p"M)
p"M

O

f , g
!" !⇤

" u"D = u"M ⌦\!"

!⇤
"

FKV
" (u"D,u

"
M) :=

1

2

Z

⌦\!
"

⌫|D(u"D)�D(u"M)|2.

JKV (⌦\!") := FKV
" (u"D,u

"
M).



FKV
" (u"D,u

"
M)

FKV
" (u"D,u

"
M) = ⌫

Z

O

(f � u"M) · (�(u"D, p"D)n � g).

!⇤
"

(u, p) !⇤
"

g

!⇤
" !⇤

" C1,1

!⇤
" JKV (⌦ \ !⇤

") = 0 u"D = u"M
⌦ \ !⇤

" u"D !" = !⇤
"

" = 0 !0 = ;
!0 =

Sm
k=1 {zk} !" ⌦0 = ⌦

(u0
D, p

0
D) 2 H1(⌦)⇥L2

0(⌦) (u0
M , p0M) 2 H1(⌦)⇥L2(⌦)

8

>

>

<

>

>

:

(u0
D, p

0
D) 2 H1(⌦)⇥ L2

0(⌦)
�⌫�u0

D +rp0D = 0 ⌦
divu0

D = 0 ⌦
u0

D = f @⌦

8

>

>

>

>

<

>

>

>

>

:

(u0
M , p0M) 2 H1(⌦)⇥ L2(⌦)

�⌫�u0
M +rp0M = 0 ⌦

divu0
M = 0 ⌦

�(u0
M , p0M)n = g O

u0
M = f @⌦\O.

!z," := z + "!
z 2 ⌦

!z1,"1 ⌦ ⌦\!z1,!1

@!z1,"1 ⇢ @ (⌦\!z1,!1) \O
!z,"



J !z,"

z 2 ⌦
J

J (⌦z,") = J (⌦) + ⇠(")�J (z) + o(⇠(")) 8z 2 ⌦,

" > 0 ⇠ "

⌦z," := ⌦\!z,",

!z," := z + "!

O

⌦
@⌦!z,"

⌦z,"

�J

(E,P )
R2

E(x) =
1

4⇡⌫

�� log kxkI + er
ter
�

, P (x) =
x

2⇡ kxk2 ,



er =
x

kxk �⌫�Ej + rP j = �ej, Ej jth

E (ej)
2
j=1 R2 �

JKV

z 2 ⌦ JKV

JKV (⌦z,")� JKV (⌦) =
4⇡⌫

� log "
(|u0

D(z)|2 � |u0
M(z)|2) + o

✓

1

� log "

◆

,

u0
D 2 H1(⌦) u0

M 2 H1(⌦)

!" = ; o(f(")) g(") lim"!0
g(")
f(")

= 0

⇠(") =
1

� log "
�JKV (z) = 4⇡⌫(|u0

D(z)|2 � |u0
M(z)|2)

!

!z," = !0," =: !" ⌦" := ⌦0,"

z 2 ⌦
y = z + "x y = "x

JKV



u"D 2 H1(⌦z,") u"M 2 H1(⌦z,")

\ = D \ = M

u"\(x) = u0
\ (x) + h"(C\(x)�U \(x)) +OH1(⌦

z,"

)

✓

1

� log "

◆

,

(U \, P\) 2 H1(⌦) ⇥ L2
0(⌦)

⌦
8

<

:

�⌫�U \ +rP\ = 0 ⌦
divU \ = 0 ⌦

U \ = C\ @⌦,

h" :=
1

� log "

C\(x) := �4⇡⌫E(x� z)u0
\ (z),

E R2

OH1(⌦
z,"

)

⇣

1
� log "

⌘

c > 0

" "1 > 0 0 < " < "1
�

�u"\(x)� u0
\ (x)� h"(C\(x)�U \(x))

�

�

1,⌦
z,"

 c

� log "
.

E(x� z)u0
\

R2 \ ! ⌦
(U \,P \) 2 H1(⌦)⇥ L2

0(⌦)
a(") b(")

a(") b(")
u"\

(UD,PD) 2 H1(⌦)⇥ L2
0(⌦) \ = D

CD

a(") b(") r"D

u"D(x) = u0
D(x) + a(")CD(x) + b(")UD(x) + r"D(x)



R"
D := u"D�u0

D r"D
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>

>

<

>

>

:

�⌫�r"D +rpr"
D

= 0 ⌦"

div r"D = 0 ⌦"

r"D = �(a(") + b("))CD(x) @⌦
r"D = �u0

D(x)� a(")CD(x)� b(")UD(x) @!",

pr"
D

pr"
D

(x) := p"D(x)� p0D(x)� a(")⇧D(x)� b(")PD(x)

⇧D(x) := �4⇡⌫P (x) · u0
D(0)

x 2 @⌦
r"D(x) = o(1), a(") + b(") = o(1),

! x 2 @!" X 2
@B(0, 1) x = "X

r"D(x) = o(1), �u0
D("X)� a(")CD("X)� b(")UD("X) = o(1),

UD("X) u0
D("X)

u0
D("X) = u0

D(0) +O(") UD("X) = UD(0) +O("),

O(") o(1)

r"D(x) = o(1), �u0
D(0)� a(")CD("X)� b(")UD(0) = o(1),

i = 1, 2 (a("), b("))

⇢

a(") + b(") = 0
a(")CD("X) + b(")UD(0) = �u0

D(0).

b(") = �a(")
a(") (CD("X)�UD(0)) = �u0

D(0).

a(") CD("X) =
�4⇡⌫E("X)u0
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D(0))i
c1 (u0

D(0))i � log " · (u0
D(0))i + c2 (u0

D(0))j + (UD(0))i
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c1 c2 a(")
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✓
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as "! 0.



|x| = " x 2 @!"
! log |x| 6= log " x 2 @!"
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u"D

u"D(x) = u0
D(x) + h"(CD �UD) + r"D(x).

u"M

u"M(x) = u0
M(x) + h"(CM �UM) + r"M(x).

r"D r"M "

r"D
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:

�⌫�r"D +rpr"
D

= 0 ⌦"

div r"D = 0 ⌦"

r"D = 0 @⌦
r"D = �u0

D � h"(CD �UD) @!".

r"D
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H1(⌦z,")⇥ L2

0(⌦z,")
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>

:

�⌫�v" +rq" = 0 ⌦z,"

div v" = 0 ⌦z,"

v" = � @⌦
v" = ' @!z,".

c > 0 "

kv"k1,⌦
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 c
�k�k1/2,@⌦ + k'("X)k1/2,@!
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8

>

>
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:

�⌫�v" +rq" = 0 ⌦z,"

div v" = 0 ⌦z,"

v" = � @⌦
v" = 0 @!z,".

c > 0 " � "1 > 0
0 < " < "1

kv"k1,⌦
z,"

 c k�k1/2,@⌦ .

"0 > 0 v"0 " = "0

|v"0 |1,⌦"0
=

Z

⌦
"0

|rv"0 |2dx  c("0)k�k1/2,@⌦.

fv"0 0 v"0 ⌦ v
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<

:

�⌫�v +rq = 0 ⌦
div v = 0 ⌦

v = � @⌦,

" = 0

|v|1,⌦  |fv"0 |1,⌦ = |v"0 |1,⌦"0
.

c > 0 c = c(⌦)

|v|0,⌦  ck�k1/2,@⌦.

"1 < "0 "1! ⇢ "0! ⌦"0 ⇢ ⌦"1

" 2 (0, "1)

|v"|1,⌦
"

 |fv"0 |1,⌦"

= |v"0 |1,⌦"0
 c("0)k�k1/2,@⌦.

ev" � v 2 H1
0(⌦)
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"

 | ev" � v|0,⌦ + |v|0,⌦  c| ev" � v|1,⌦ + ck�k1/2,@⌦
 c|v"|1,⌦

"
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= |v"0 |1,⌦"0
 c("0)k�k1/2,@⌦.
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�⌫�v" +rq" = 0 ⌦z,"

div v" = 0 ⌦z,"

v" = 0 @⌦
v" = ' @!z,".

q 2 L2
0(⌦) �⌫�'+rq = 0 ⌦

c > 0 " ' "1 > 0 0 < " < "1

kv"k1,⌦
z,"
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div v" = 0 ⌦z,"
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k'k1,⌦
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+ k'k1,⌦
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div v" = 0 ⌦z,"
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v" = � @!z,".
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 c
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⌦

"
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⌦

"
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�
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⇤
"

� ⇢ ⌦
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⌦
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|v"|1,⌦
"
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"

\!  | ev"|1,⌦
"
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⇤
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 := �+4⇡⌫E �
log(r⇤/") q := 4⇡⌫P · �
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>

>
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>

>

>

:

�⌫� +rq = 0 C(1, r⇤/")
div = 0 C(1, r⇤/")
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r

te
r

�
log(r⇤/") �r⇤/"

 = �+ e
r

te
r

�
log(r⇤/") �1,

| |1,C(1,r⇤/")  c
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.

(v"� , l"� q)
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r

te
r

�
log(r⇤/")

|v" � |1,C(1,r⇤/") = |v̂" �  ̂|1,C(",r⇤)  c

� log "
kerter�k1/2,�⇤

r

 c|�|
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|v"|1,⌦
"

 |v"|1,C(1, r
⇤
"

)  |v" � |1,C(1, r
⇤
"

) + | |1,C(1, r
⇤
"
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 c
|�|
� log "

+ c
|�|p� log "
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|�|p� log "
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ev" v" ⌦ �
H1

0(⌦)

kv"k1,⌦
"

 kv"k0,⌦
"

+ |v"|1,⌦
"

 ck ev"k0,⌦ + |v"|1,⌦
"

 c| ev"|1,⌦ + |v"|1,⌦
"

= (c+ 1)|v"|1,⌦
"

 c
|�|p� log "

.
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' V
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�⌫�V +rPV = 0 R2 \ !
divV = 0 R2 \ !

V = '("x) @!.

V = � + W � 2 R2 W = O(1/r)
W (x

"
) = O(") z" := v"�W

�

x
"

�

pz
"

:= q"� 1
"
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�

x
"

�

PW y = x/" z"
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>

:

�⌫�z" +rpz
"

= 0 ⌦"

div z" = 0 ⌦"

z" = ��W
�

x
"

�

@⌦
z" = � @!".

�
W
�

x
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�

kr"Dk1,⌦
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 c
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�u0
D("X) + h"(CD("X)�UD("X))

�

�
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.

u0
D("X) + h"(CD("X)�UD("X))

= u0
D("x) +

1

� log "
[(log("kXk)� er

ter) · u0
D(0)�UD("X)]

= u0
D("X)� u0

D(0) +
1

� log "
[(log(kXk)� er

ter) · u0
D(0)�UD("X)]

= "ru0
D(⇣x) +

1

� log "
[(log(kXk)� er

ter) · u0
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D ⇣x

0 "X ru0
D
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ku0
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c

� log "
 c
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r"M
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>
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:

�⌫�r"M +rpr"
M

= 0 ⌦"

div r"M = 0 ⌦"

r"M = 0 @⌦ \O
�(r"M , pr"

M

)n = 1
log "

[�(CM �UM ,⇧M � PM)n] O

r"M = �u0
M � h"(CM �UM) @!",

CM

⇧M(x) := �4⇡⌫P (x) · u0
M(0).
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div v" = 0 ⌦z,"
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v" = � @⌦\O
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⇣

k k�1/2,O + k�k1/2,@⌦\O + k'("X)k1/2,@!
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.
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⇣
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⌘

.

" > 0 (v", q") 2 H1(⌦z,") ⇥ L2(⌦z,")
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Z
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 c kD(CM)k0,⌦\B(0,1) k⌘k1,⌦\B(0,1)

⌘ k⌘k1,⌦\B(0,1) = k�k1/2,O
k�(CM ,⇧M)nk�1/2,O  c kD(CM)k0,⌦\B(0,1) = c|CM |1,⌦\B(0,1).

UM ⌦" ⌦\B(0, 1) �(UM , PM)

⌦ \ B(0, 1) �(CM ,⇧M)n
"

CM UM

⌦

UM CM

\ = N

kUMk1,⌦  ckCMk1/2,@!.
CM(x) = �4⇡⌫E(x)u0

\ (0) x
CM rCM(x) = O(1/r) @!

|CM(x)|  c |rCM(x)|  c

kUMk1,⌦  c.

CM |CM |1,⌦\B(0,1)

|rCM | = O(1/r) R ⌦ ⇢ B(0, R)
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✓

Z
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1
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kUMk1,⌦  c |CM |1,⌦\B(0,1)  c.

k�(CM ,⇧M)nk�1/2,O  c k�(UM , PM)nk�1/2,O  c.
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 c
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 c
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h"(CD�UD) @⌦ @!"
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h"(CD � UD) O(�1/ log ")
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.
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 c
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p� log "
kukL2(@!

"

) + c

 

Z Z
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!
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2
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⌦
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|D(u"D)�D(u"M)|2.
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2
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⌫
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M
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⇥
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⇤ · u0

M

�

�

�

�

 c

log3/2 "
= O

✓

1

(� log ")3/2

◆

.

Z

@!
"

[�(CM �UM ,⇧M � PM)n] · u0
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4⇡⌫

log "
|u0

M(0)|2 + o

✓

1

� log "

◆

.

AD

AD =
⌫
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⌦
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⌫
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(UD, PD) 2 H1(⌦)⇥L2
0(⌦) CD \ = D

z = 0 CD
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⌦
R2 !⇤

" ⌦

f 2 H1/2(@⌦) f 6= 0

Z
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f · n = 0 g 2 H�1/2(O)

O @⌦ O 6= @⌦
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Z
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(u"D, p
"
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D) 2 H1(⌦\!")⇥ L2
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�⌫�u"M +rp"M = 0 ⌦\!"

divu"M = 0 ⌦\!"
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⇣
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⇣
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P ⇤
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⇣
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⇣

Sk+1
j=0 !j

⌘⌘
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g = g1e1+g2e2 (e1, e2)
R2 g1 g2

g�1 := g1 + �
kg1kL2(O)

ku1kL2(O)

u1 g�2 := g2 + �
kg2kL2(O)
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u2,
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w := uD � uM q := pD � pM .
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r
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H1(⌦,�)

H1(⌦,�)

H1(⌦,�) :=
�

u 2 H1(⌦) : �u 2 L2(⌦)
 

,

H1(⌦,�) (u, v)H1(⌦,�) = (u, v)L2(⌦) +
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⌦

⌦ Rd �
@⌦ n ⌦
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@u
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.

h·, ·i⌦\! h·, ·i@⌦ h·, ·i@!
⇥

H1(⌦\!)⇤0 H1(⌦\!) H�1/2(@⌦) H1/2(@⌦)

⌦
RN N 2 N⇤) ! ⇢⇢ ⌦ ⌦

⌦\! O ⇢ @⌦ ⌫ > 0

f 2 ⇥H1(⌦\!)⇤0 hext 2 H1/2(@⌦\O) hO 2 H�1/2(O) hint 2 H1/2(@!)

8

>

>

>

>

<

>

>

>

>

:

�⌫�u+rp = f in ⌦\!
divu = 0 in ⌦\!

�(u, p)n = hO on O
u = hext on @⌦\O
u = hint on @!

(u, p) 2 H1(⌦\!) ⇥ L2(⌦\!)



kukH1(⌦\!) + kpkL2(⌦\!)

 C
⇣

kfk[H1(⌦\!)]0 + khextkH1/2(@⌦\O) + khOkH�1/2(O) + khintkH1/2(@!)

⌘

.

H 2 H1(⌦\!) divH = 0 ⌦\! H = hint @! H = hext

@⌦\O
Z

@⌦[@!
H · n = 0

kHkH1(⌦\!)  C
⇣

khintkH1/2(@!) + khextkH1/2(@⌦\O)

⌘

.

(U := u�H , p) 2 H1(⌦\!)⇥ L2(⌦\!)
8

>

>

>

>

<

>

>

>

>

:

�⌫�U +rp = f + ⌫�H in ⌦\!
divU = 0 in ⌦\!

�(U , P )n = hO + ⌫(rH + trH)n on O
U = 0 on @⌦\O
U = 0 on @!.

U 2 V O(⌦\!)
v 2 V O(⌦\!)

⌫

Z

⌦\!
rU : rv = hf ,vi⌦\! � ⌫

Z

⌦\!
rH :rv � ⌦hO + ⌫(rH + trH)n,v

↵

O

kUkH1(⌦\!)  C
⇣

kfk[H1(⌦\!)]0 + khintkH1/2(@!) + khextkH1/2(@⌦\O) + khOkH�1/2(O)

⌘

.

v 2 V O(⌦\!) \ H1
0(⌦\!).

p 2 L2(⌦\!)
v 2 H1

0(⌦\!)

⌫

Z

⌦\!
rU : rv�

Z

⌦\!
p div v =

D

f H1
0(⌦\!),v

E

H�1(⌦\!),H1
0(⌦\!)

�⌫
Z

⌦\!
rH :rv.

'N 2 H1(⌦\!)
div'N = 1 ⌦\! 'N = 0 @⌦\O 'N = 0 @!

Z

O

'N · n 6= 0

v 2 H1(⌦\!) v = 0 @⌦\O v = 0 @!

cb(v) =
1

R

@(⌦\!)'N · n
Z

@(⌦\!)
v · n.



v2 2 V O(⌦\!)
v = v1 + v2 + cb(v)'N v1 2 H1

0(⌦\!) div v1 =
div (v � cb(v)'N)

Z

⌦\!
⌫rU :rv �

Z

⌦\!
p div v = hf ,vi⌦\! � ⌫

Z

⌦\!
rH :rv

� ⌦hO � ⌫(rH + trH)n,v
↵

O
+

Z

⌦\!
⌫rU :r(cb(v)'N)�

Z

⌦\!
p div (cb(v)'N)

�hf , cb(v)'Ni⌦\!+⌫
Z

⌦\!
rH :r(cb(v)'N)+

⌦

hO � ⌫(rH + trH)n, cb(v)'N

↵

O
.

p

Z

⌦\!
p = ⌫

Z

⌦\!
rU : r'N

�hf , cb(v)'Ni⌦\!+⌫
Z

⌦\!
rH :r(cb(v)'N)+

⌦

hO � ⌫(rH + trH)n, cb(v)'N

↵

O
,

(U , p) 2 V O(⌦\!)⇥L2(⌦\!)
v 2 H1(⌦\!) v = 0 @⌦\O v = 0 @!

Z

⌦\!
⌫rU : rv�

Z

⌦\!
p div v = hf ,vi⌦\!�⌫

Z

⌦\!
rH :rv�⌦hO � ⌫(rH + trH)n,v

↵

@⌦
.

v := ev + c(p)'N

c(p) :=
1

|⌦\!|
Z

⌦\!
p

ev 2 H1
0(⌦\!) div ev = p � c(p) kevkH1

0(⌦\!)  C kpkL2(⌦\!)
v

kUkH1(⌦\!) + kpkL2(⌦\!)

 C
⇣

kfk[H1(⌦\!)]0 + khintkH1/2(@!) + khextkH1/2(@⌦\O) + khOkH�1/2(O)

⌘

kukH1(⌦\!) + kpkL2(⌦\!)

 C
⇣

kfk[H1(⌦\!)]0 + khintkH1/2(@!) + khextkH1/2(@⌦\O) + khOkH�1/2(O)

⌘

.



⌦ !
RN N � 2 C0,1 p 2 (1,+1) " 2 (0, 1/2)

!" := "! !" ⇢ ⌦ c > 0
N p ! ⌦ d(!", @⌦) > c"

h·ip,@!
"

⇠ a(") k·kLp(@!
"

) + [·]p,@!
"

hfip,@!
"

:= inf
n

kukW1,p(⌦\!
"

) , u 2W1,p(⌦\!"), u @!
"

= f
o

,

a(") :=

8

>

<

>

:

"
1�N

p min(1, "
N

p

�1), p < N

"
1�N

p min(1, |log "| 1�p

p ), p = N

"
1�N

p , p > N,

[f ]1,@!
"

:= |@!"|�1

Z Z

@!
"

⇥@!
"

|f(x)� f(y)| ds(x)ds(y)

[f ]p,@!
"

:=

✓

Z Z

@!
"

⇥@!
"

|f(x)� f(y)|p
|x� y|N+p�2

ds(x)ds(y)

◆1/p

p 2 (1,+1).

⇢(x) := (2 + |x|2)1/2

1 < p <1 ↵ O ⇢ Rd

Lp
↵(O) := {u 2 D0(O), ⇢↵u 2 Lp(O)} ,

W1,p
↵ (O) :=

(

�

u 2 D0(O), u 2 Lp
↵�1(O), ru 2 Lp

↵(O)
 

d
p
+ ↵ 6= 1,

�

u 2 D0(O), (ln(⇢))�1u 2 Lp
↵�1(O), ru 2 Lp

↵(O)
 

d
p
+ ↵ = 1.

�
W

1,p

↵ (O) := D(O)
k·k

W
1,p
↵

(O)

�
W

1,p

↵ (O) =
�

v 2W1,p
↵ (O), v @O = 0

 

.



�
W

1,p

↵ (O) W�1,p0
�↵ (O) p0

1

p
+

1

p0
= 1

D0(O)

kukLp

↵

(O) := k⇢↵ukLp(O) ,

kukW1,p
↵

(O) :=

8

>

>

<

>

>

:

⇣

kukp
Lp

↵�1(O)
+ krukp

Lp

↵

(O)

⌘1/p
d
p
+ ↵ 6= 1,

✓

�

�

�

u
ln(⇢)

�

�

�

p

Lp

↵�1(O)
+ krukp

Lp

↵

(O)

◆1/p
d
p
+ ↵ = 1.

R2

(u, p)
⇢ �⌫�u+rp = 0 inR2

divu = 0 inR2.

û p̂ {0}
u p

! R2 W(!c) :=
�

v 2W1,2
0 (!c); div v = 0

 

!c := R2 \ ! W(!c) W1,2
0 (!c)

a(u,v) =

Z

!c

D(u) : D(v)

W(!c) W1,2
0 (!) ' 2 H1/2(@!)

Z

@!

' ·n = 0

8

<

:

�⌫�u+rp = 0 !c

divu = 0 !c

u = ' @!,

W1,2
0 (!c) W1,2

0 (!)
u p



�⌫�u+rp = [D(u)n]�@! =: T D0(R2).

v := E ⇤ T , q := P ⇤ T ,

(E,P ) ⇤

�⌫�v +rq = T D0(R2).

(u� v, p� q)

u = E ⇤ T +U 1 =

Z

@!

t(x)E(y � x)ds(x) +U 1,

p = P ⇤ T + P1 =

Z

@!

t(x)P (y � x)ds(x) + P1,

U 1 P1 t = D(u)n

u

E(y � x) = E(y)�rE(✓(y, x))x,

✓(y, x) = y � ↵x ↵ 2 (0, 1)

u(y) = E(y)

Z

@!

t(x)ds(x)�
Z

@!

t(x)rE(✓(y, x))xds(x) +U 1.

log 62W1,2
0 (!c)

Z

@!

t(x)ds(x) = ht, 1i = 0.

U 1 2W1,2
0 (!c) U 1 = � �

u = O(1) .

p(y) = O(1/r) r = kyk P1 = 0

u(y) = ��
Z

@!

t(x)rE(✓(y, x))x ds(x) = �+W (y),

p(y) = �
Z

@!

t(x)rP (✓(y, x))x ds(x),

u, p
W (y) = O(1/r)

c > 0

|�|  ck'k1/2,@!.

W



u 2 H1(⌦) eu e⌦ := ⌦/" eu(y) = u(x)
y = x/" rxu(x) = (ryeu(y))/"

|u|21,⌦ =

Z

⌦

|rxu(x)|2 dx =

Z

e⌦
|ryeu(y)|2 dy.

|u|1,⌦ = |eu|1,e⌦ .

kuk0,⌦ = " keuk0,e⌦ .

y =
(x� z)/" z 2 ⌦

R > 0
B(z, R) ⌦ !z," ⇢ B(z, R)

⌦z
R := ⌦\B(z, R) Dz

" := B(z, R)\!z,"

⌦0
R := ⌦\B(0, R) D0

" :=

@⌦!z,"

B(z R)

⌦z
R Dz

"

B(0, R)\"!

W

W

' 2 H1/2(@!)

Z

@!

' · n = 0 z 2 ⌦

(u, p) 2W1,2
0 (R2\!)⇥ L2(R2\!)

8

<

:

�⌫�u+rp = 0 R2\!
divu = 0 R2\!

u = ' @!.



u = �+W c > 0
" ' "1 > 0 0 < " < "1

kW k0,Dz

"

/"  c (� log ")1/2 k'k1/2,@! , kW k0,⌦z

R

/"  c k'k1/2,@! ,
|W |1,Dz

"

/"  c k'k1/2,@! |W |1,⌦z

R

/"  c "2 k'k1/2,@! .

�

�

�

�

W

✓

x� z

"

◆

�

�

�

�

1,⌦
z,"

 c k'k1/2,@! .

z = 0

|W (y)|  c

kykk'k1/2,@!.
|W (x/")|  c

"

kxkk'k1/2,@!.

|rW (x/")|  c
"2

kxk2k'k1/2,@!.

kW k0,B(0,R/")\B(0,M) =

✓

Z

B(0,R)\B(0,"M)

|W (x/")|2 1
"2
dx

◆1/2

 ck'k1/2,@!
✓

Z

B(0,R)\B(0,"M)

1

kxk2dx
◆1/2

= ck'k1/2,@!(logR� log "M)1/2

 ck'k1/2,@!(� log ")1/2.

krW k0,B(0,R/")\B(0,M) 
✓

Z

B(0,R)\B(0,"M)

c
"4

kxk4k'k
2
1/2,@!dx

◆1/2

 c"k'k1/2,@!.

B(0,M) \ ! W

kW k1,B(0,M)\!  ck'k1/2,@!,

kW k0,B(0,M)\!  ck'k1/2,@! |W |1,B(0,M)\!  ck'k1/2,@!,

kW k0,D0
"

/"  kW k0,B(0,R/")\B(0,M) + kW k0,B(0,M)\!  c (� log ")�1/2 k'k1/2,@! ,

|W |1,D0
"

/"  |W |0,B(0,R/")\B(0,M) + |W |0,B(0,M)\!  c k'k1/2,@! .



kW k0,⌦0
R

/" = kW k0,⌦/"\B(0,R/") 
✓

Z

⌦\B(0,R)

c
"2

kxk2k'k
2
1/2,@!

1

"2
dx

◆1/2

 ck'k1/2,@!

|W |0,⌦0
R

/" = |W |0,⌦/"\B(0,R/") 
✓

Z

⌦\B(0,R)

c
"4

kxk4k'k
2
1/2,@!dx

◆1/2

 c"2k'k1/2,@!.

W
�

x
"

�

⌦"

"

1

"

✓

�

�

�

fW
�

�

�

0,D0
"

+
�

�

�

fW
�

�

�

0,⌦0
R

◆

= kW k0,D0
"

/" + kW k0,⌦0
R

/"  c (� log ")�1/2 k'k1/2,@! ,

�

�

�

fW
�

�

�

0,D0
"

+
�

�

�

fW
�

�

�

0,⌦0
R

 c " (� log ")�1/2 k'k1/2,@! .

M
"

M
�

�

�

fW
�

�

�

0,⌦
"


�

�

�

fW
�

�

�

0,D0
"

+
�

�

�

fW
�

�

�

0,⌦0
R

�

�

�

fW
�

�

�

0,⌦
"

 c " (� log ")�1/2 k'k1/2,@! .

�

�

�

fW
�

�

�

1,⌦
"

 c k'k1/2,@!
�

�

�

fW
�

�

�

1,⌦
"

=
�

�

�

W
⇣x

"

⌘

�

�

�

1,⌦
"

 c k'k1/2,@! .




